Introduction
The theory of polar varieties, or polar loci, has a long and rich history. The terminology pole and polar goes back at least to Servois (1811) and Gergonne (1813). Poncelet's more systematic treatment of reciprocal polars was presented in his "Mémoire sur la théorie générale des polaires réciproques" in 1824, though it did not appear in print until 1829. For a discussion of the -at times heateddebate between Poncelet and Gergonne concerning the principles of "reciprocity" versus that of "duality", see [10] . Apparently, in the end, every geometer adopted both terms and used them interchangeably. Less known, perhaps, is the work of Bobillier, who (in 1828) was the first to replace the conic as "directrice" by a curve of arbitrary degree d, so that the polar curve of a point is a curve of degree d−1, and the polar points of a line is the intersection of the polar curves of the points on the line, hence equal to (d − 1) 2 points, the number of base points of the corresponding pencil. For a summary of this early history, see [10] and [12] .
In this note we introduce higher order polar loci as natural generalizations of the classical polar loci. The close connection between polar loci and dual varieties carries over to a connection between higher order polar loci and higher order dual varieties. In particular, the degree of the "top" (highest codimension) polar class of order k is equal to the degree of the kth dual variety.
In a series of papers, Bank, Giusti, Heintz, Mbakop, and Pardo introduced what they called "dual polar varieties" and used them to find real solutions to polynomial equations. These loci were studied further in [18] for real plane curves, and more generally in [25] , under the name of "reciprocal polar varieties." These variants of polar loci are defined with respect to a quadric, in order to get a notion of orthogonality, and sometimes with respect also to a hyperplane at infinity. The orthogonality enables one to define Euclidean normal bundles, as studied in [4] , [7] , and [25] . For example, the (generic) Euclidean distance degree introduced in [7] is the degree of the "top" reciprocal polar class (see [25] ). Note that the definition of reciprocal polar loci given here differs slightly from the one given in [25] , but the degrees of the classes are the same.
In the next section we recall the definition of the classical polar loci and their classes, and their relation to the Mather Chern classes. In the third section we define the higher order polar loci and their classes and discuss how the latter can be computed. In the case of a smooth, k-regular variety, the kth order polar classes can be expressed in terms of its Chern classes and the hyperplane class, and there are also other cases when it is possible to compute these classes. In the fourth section, we introduce the higher order Euclidean normal bundles and use them, in the following section, to define higher order reciprocal polar loci and classes. The three last sections give examples of how to compute the degrees of the higher order polar and reciprocal polar classes in some special cases: curves, scrolls, and toric varieties.
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Polar loci and Mather Chern classes
Let V be a vector space of dimension n + 1 over an algebraically closed field of characteristic 0. The polar loci of an m-dimensional projective variety X ⊂ P(V ) are defined as follows: Let L i ⊂ P(V ) be a linear subspace of codimension m − i + 2. The ith polar locus of X with respect to L i is
where T X,P denotes the projective tangent space to X at the (smooth) point P . Note that M 0 (L 0 ) = X. The rational equivalence class [M i (L i )] is independent of L i for general L i , and will be denoted [M i ] and called the ith polar class of X [22, Prop. (1.2), p. 253]. The classes [M i ] are projective invariants of X: the ith polar class of a (general) linear projection of X is the projection of the ith polar class of X, and the ith polar class of a (general) linear section is the linear section of the ith polar class (see [22, Thm. Let us recall the definition of the Mather Chern class c M (X) of an m-dimensional variety X. Let X ⊆ Grass m (Ω 1 X ) denote the Nash transform of X, i.e., X is the closure of the image of the rational section X Grass m (Ω 1 X ) given by the locally free rank m sheaf Ω 1
where Ω is the tautological sheaf on Grass m (Ω 1 X ) and ν : X → X. In 1978 we showed the following, generalizing the classical Todd-Eger formulas to the case of singular varieties:
The polar classes of X are given by
is the class of a hyperplane. Vice versa, the Mather Chern classes of X are given by
Higher order polar loci
Let X ⊂ P(V ) be a projective variety of dimension m, and P ∈ X a general point. There is a sequence of osculating spaces to X at P :
{P } ⊆ T X,P = Osc 1 X,P ⊆ Osc 2 X,P ⊆ Osc 3 X,P ⊆ · · · ⊆ P(V ), defined via the sheaves of principal parts of O X (1) as follows. Let V X := V ⊗ O X denote the trivial (n + 1)-bundle on X, and consider the k-jet map (see e.g. [21, p. 492 
Let X k−cst ⊆ X denote the open dense where the rank of j k is constant, say equal to m k +1. Then for P ∈ X k−cst , Osc k X,P = P((j k ) P (V )) ⊆ P(V ). Note that m 0 = 0, m 1 = m, and dim Osc k X,P = m k . Assume m k < n. Let L k,i ⊂ P(V ) be a linear subspace of codimension m k −i+2. The ith polar locus of order k of X with respect to L k,i is
is the classical ith polar locus with respect to L 1,i , and that M k,0 (L k,0 ) = X for all k.
The
Its closure X k ⊆ X × Grass m k +1 (V ), together with the projection map ν k : X k → X, is called the kth Nash transform of X ⊂ P(V ). Note that ν 1 = ν : X 1 = X → X is the usual Nash transform. Let V X k → P k denote the induced (m k + 1)-quotient. We call P k the kth order osculating bundle of X. The projection map ϕ k : [27] and [20] ).
We call [M k,i ] the ith polar class of order k of X. In the case k = 1, we proved [22, Thm. (4.2), p. 270] the following result, which does not have an obvious generalization to the case k ≥ 2.
Recall the definition of higher order dual varieties (introduced in [24] ). The points of the dual projective space P(V ) ∨ := P(V ∨ ) are the hyperplanes H ⊂ P(V ). The kth order dual variety of X is
the projection on the second factor. Let p : P((K k ) ∨ ) → X and q : P((K k ) ∨ ) → X (k) denote the projections.
. Hence there is a hyperplane H that contains both these spaces, and so H ∈ X (k) ∩ L.
the corresponding variety constructed for X (k) . It was shown in [24, Prop. 1, p. 336] that X ⊆ X (k) , so that equality holds iff their dimensions are equal. In this case, we say that X is k-reflexive, and we then have X = (X (k) ) (k) . For example, a non-degenerate curve X ⊂ P(V ) is (n − 1)-reflexive (see Section 6). Theorem 6. Assume X is k-reflexive. Then the degree of the ith polar class of order k of X (k) is given by
In particular, the degree of
Proof. For k = 1, this is [12, Thm. (4), p. 189], where it follows immediately from the definition of the ranks (corresponding to the degrees of the polar classes).
Here we use Proposition 5: if h and h ∨ denote the hyperplane classes of P(V ) and P(V ) ∨ respectively, then the class
is the ordinary Jacobian ideal. Let π k : X k → X denote the blow-up of J k . Then, by [28, 5.4.3] , setting A k := Ann π * k P k X (1) (F ( m+k k ) (π * k P k X (1))), π * k P k X (1)/A k is a m+k k bundle. Let I k denote the 0th Fitting ideal of the cokernel of the map V X k → π * k P k X (1)/A k and π k : X k → X k the blow-up of I k . Then [22, Lemma (1.1), p.252] the image P k of V X k in π k π * k P k X (1)/A k is a m+k k -bundle. Hence we get a m+k k quotient V X k → P k which agrees with V X → P k X (1) above X k−cst . Note that, as discussed in the case k = 1 in [22, p. 255], the map π k • π k : X k → X factors via the kth Nash transform ν k : X k → X. In particular, we have
In some cases, the Chern classes of P k can be computed in terms of the Chern classes of P k X (1) and the invertible sheaves J k O X k and I k O X k . We shall see in Section 6 that this is the case when X is a curve. Another case is the following. Proposition 7. Assume X ⊂ P(V ) is smooth and generically k-regular, and that m k = n − 1. Then Proof. Since m k = n − 1, the (locally free) kernel
, so the result follows by applying the projection formula.
Higher order Euclidean normal bundles
Let V and V ′ be vector spaces of dimensions n + 1 and n, and V → V ′ a surjection. Set H ∞ := P(V ′ ) ⊂ P(V ), and call it the hyperplane at infinity. A non-degenerate quadratic form on V ′ defines an isomorphism V ′ ∼ = (V ′ ) ∨ and a non-singular quadric Q ∞ ⊂ H ∞ .
Let L ′ := P(W ) ⊂ P(V ′ ) be a linear space, and set
The polar of L ′ with respect to Q ∞ is the linear space L ′ ⊥ := P(K ∨ ) ⊂ P(V ′ ).
Given a linear space L ⊂ P(V ), L H ∞ , and P ∈ L H ∞ , define the orthogonal space to L at P by L ⊥ P := P, (L ∩ H ∞ ) ⊥ . Let X ⊂ P(V ) be a variety of dimension m, and assume m k < n. Recall the exact sequence on X k ,
where P k is the kth osculating bundle. Consider an exact sequence of vector spaces
is general. Then it follows from [21, Lemma (4.1), p. 483] that the induced map V ′∨ X k → (K k ) ∨ is surjective. Therefore its kernel is locally free with rank m k . Letting P ′ k denote the dual of this kernel, we have an exact sequence
to be the hyperplane at infinity. Because this hyperplane is general, we may assume X H ∞ . For P ∈ X k−cst H ∞ , define the kth normal space to X at P : N k X,P := (Osc k X,P ) ⊥ P .
Let Q ∞ be a non-degenerate quadric in H ∞ . The polarity in H ∞ with respect to Q ∞ gives an isomorphism V ′ ∼ = V ′∨ , so we have
whose fibers correspond to the kth order Euclidean normal spaces N k X,P . We call E k the kth order Euclidean normal bundle of X.
The morphism ϕ k : X k → Grass m k +1 (V ) corresponding to the quotient V X k → P k is the kth order associated map of X ⊂ P(V ). The kth order associated normal map is the morphism
Higher order reciprocal polar loci
Instead of imposing conditions on the osculating spaces of a variety, one can similarly impose conditions on the higher order Euclidean normal spaces.
For each i = 0, . . . , m and k ≥ 1, let L k,i ⊂ P(V ), L k,i H ∞ , be a (general) linear space of codimension n − m k + i and define the ith reciprocal polar locus of order k with respect to L k,i to be
Theorem 8. The class of M ⊥ k,i (L k,i ) is independent of L k,i , for general L k,i , and is given by
Proof. Let Σ k,i (L k,i ) ⊂ Grass n−m k +1 (V ) denote the special Schubert variety consisting of the set of (n − m k )-planes that meet the (m k − i)-plane L k,i . Then
). The first statement follows, with the same reasoning as in [22, Prop. (1.2), p. 253].
Let L k,i = P(W ) and set W ′ = Ker(V → W ). The condition N k X,P ∩ L k,i = ∅ means that the rank of the composed map W ′ X k → E k is ≤ n − m k . By Porteous' formula (see [8, Thm. 14.4, p. 254 
Since the Segre class s((K k ) ∨ ) is equal to the Chern class c(P k ), the formula follows. Proof. This follows, using Theorem 2, since
and O X k (1) = ν k * O X (1).
Remark 10. The (generic) Euclidean distance degree of X ⊂ P(V ), introduced in [7] , can be interpreted as the degree of [M ⊥ 1,m ]. The above formula says that this degree is equal to the sum of the degrees of the polar classes of X, as stated in [7, Thm. 5.4, p. 126 ] (see also [25] ).
Curves
Let X ⊂ P(V ) be a non-degenerate curve. At a general point P ∈ X we have a complete flag {P } ⊆ T X,P = Osc 1 X,P ⊂ Osc 2 X,P ⊂ · · · ⊂ Osc n−1 X,P ⊂ P(V ).
In this case ν k : X k = X → X is the normalization of X, m k = k, and dim L k,1 = n − k − 1.
Note that the locus M k,1 (L k,1 ) maps to kth order hyperosculating points on the image of X under the linear projection f : P(V ) P(V ′ ) with center L k,1 , Namely, let P ∈ M k,1 (L k,1 ). Then Osc X,P ∩L k,1 = ∅, and hence f (Osc X,P ) has dimension < k. This means that the kth jet map of f (X) has rank < k + 1 at the point f (P ). For example, for k = 1, f (P ) is a cusp on f (X), and for k = 2, f (P ) is an inflection point.
Recall that the kth rank r k of the curve X is defined as the degree of the kth osculating developable of X, i.e., as the number of kth order osculating spaces intersecting a given, general linear space of dimension n − k − 1 [2, pp. 199-200] . Hence r k = deg ν k * (c 1 (P k ) ∩ [ X]), and r k is also equal to the degree of the kth associated curve of X (see [21, Prop. (3.1), p. 480] and [27] , [21] ). Let d := r 0 denote the degree of X.
Since
where g is the genus of X and κ j is the jth stationary index of X (see [21, Thm. For more on ranks, duality, projections, and sections, see [21] . For example, the ranks of the strict dual curve X (n−1) ⊂ P(V ) ∨ satisfy r k (X (n−1) ) = r n−k−1 (X).
Example 11. If X ⊂ P(V ) is a rational normal curve of degree n, then deg[M k,1 ] = r k = (k + 1)(n − k) and deg[M ⊥ k,1 ] = n + r k = n + (k + 1)(n − k). Note that X is toric and (n−1)-self dual : X (n−1) ⊂ P(V ) ∨ ∼ = P(V ∨ ) is a rational normal curve of degree n.
Scrolls
Ruled varieties -scrolls -are examples of varieties that are not generically kregular, for k ≥ 2. Hence we cannot hope to use the bundles of principal parts to compute the degrees of the higher polar classes for such varieties. However, in several cases we have results. In particular, since the degree of the "top" kth order polar class is the same as the degree of the kth dual variety, we can consider the following situations. 7.1. Rational normal scrolls. Let X = P(⊕ m i=1 O P 1 (d i )) ⊂ P(V ) be a rational normal scroll of type (d 1 , . . . , d m ), with m ≥ 2, 0 < d 1 ≤ · · · ≤ d m , and n = m i=1 (d i + 1) − 1. Let d := d 1 + · · · + d m denote the degree of X. The higher order dual varieties of rational normal scrolls were studied in [26] . For example, for k such that k ≤ d 1 , we have
where the first equality follows from Theorem 6 and the second was computed in [6, Prop. 4.1, p. 389 ]. In the case k = d 1 = · · · = d m , this gives
is a rational normal scroll of the same type as X.
We refer to [26] and [6] for other cases. If E is decomposable:
7.3. Scrolls over smooth curves. Consider now the more general situation where X ⊂ P(V ) is a smooth scroll of dimension m and degree d over a smooth curve C of genus g. We showed in [13] that in this case, for k such that m k = km, the kth jet map j k factors via a bundle P k of rank km + 1. Moreover, the Chern classes of P k can be expressed in terms of d, m, k, g, the class of a fiber of X → C, and the class of a hyperplane section of X. Thus we can get a formula for the "top" kth order polar class in terms of these numbers and the Segre classes of the inflection loci of X, see [13] for details. 7.4. Scrolls over smooth varieties. When we replace the curve C by a higherdimensional smooth projective variety of dimension r, the situation gets more complicated, but it is again possible to find a kth osculating bundle P k of rank (m − r) r+k−1 r + r+k r , whose Chern classes can be computed, see [14] .
Toric varieties
The Schwartz-MacPherson Chern class of a toric variety X with torus orbits {X α } α is equal to, by Ehlers' formula (see [9, Lemma,  
This implies (proof by the definition of c SM (X) and induction on dim X) that the Mather Chern class of a toric variety X is equal to
where Eu X (X α ) denotes the value of the local Euler obstruction of X at a point in the orbit X α .
Therefore the polar classes of a toric variety X of dimension m are
, and the reciprocal polar classes
, where the second sum in each expression is over α such that codim X α = j.
It follows that if X = X Π is a projective toric variety corresponding to a convex lattice polytope Π, then (cf. where EVol j (Π) := α Eu X (X α ) Vol(F α ) denotes the sum of the lattice volumes of the faces F α of Π of codimension j weighted by the local Euler obstruction Eu X (X α ) of X at a point of X α , where X α is the torus orbit of X corresponding to the face F α . In particular, we get
Example 12. Nødland [19, 4.1] studied weighted projective threefolds. In particular he showed the following. Assume a, b, c are positive, pairwise relatively prime integers. The weighted projective threefold P (1, a, b, c) is the toric variety corresponding to the lattice polyhedron Π := Conv{(0, 0, 0), (bc, 0, 0), (0, ac, 0), (0, 0, bc)}. It has isolated singularities at the three points corresponding to the three vertices other than (0, 0, 0). Let Vol j (Π) denote the sum of the lattice volumes of the faces of Π of codimension j. We have Vol 0 (Π) = a 2 b 2 c 2 , Vol 1 (Π) = abc(1 + a + b + c), Vol 2 (Π) = a+ b + c+ bc+ ac+ ab, and Vol 3 (Π) = 4. The algorithm given in [19, A.2] can be used to compute the local Euler obstruction at the singular points. Nødland gave several examples of integers a, b, c such that the local Euler obstruction at each singular point is 1, thus providing counterexamples to a conjecture of Matsui and Takeuchi [16, p. 2063 ]. For example this holds for a = 2, b = 3, c = 5, so in this case EVol j (Π) = Vol j (Π) and we can compute In general, formulas for the degrees of higher order polar classes and reciprocal polar classes of toric varieties are not known. However, in some cases, they can be found. As we have seen, for smooth varieties (not necessarily toric), if the kth jet map is surjective (i.e., the embedded variety is k-regular), then the class [M k ] can be expressed in terms of Chern classes of the sheaf of principal parts P k X (1). Hence, in the case of a k-regular toric variety, it can be expressed in terms of lattice volumes of the faces of the corresponding polytope. The following two examples were worked out in [ Recall [6, Def. 1.1, p. 1760] that a variety X ⊂ P(V ) is said to be k-selfdual if there exists a linear isomorphism φ : P(V ) ∼ − → P(V ) ∨ such that φ(X) = X (k) . If m = dim X, then deg[M k,m ] is the degree of the k-dual variety X (k) . So if X is k-selfdual, then deg[M k,m ] = deg X. We refer to [6] for examples of toric k-selfdual varieties.
